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Results of numerical solution of Navier–Stokes equations in stream function–vortex variables for a nonstation-
ary laminar flow around a circular cylinder with a rotational degree of freedom are presented. The cases of
definite, free, and inertial rotation of the indicated cylinder were considered.

The problem on a plane laminar flow of an incompressible viscous fluid around a circular cylinder is a clas-
sical model problem of hydrodynamics. The theoretical interest shown in this problem is explained, first of all, by the
fact that an increase in the velocity of an incident flow (Reynolds number) causes a flow around a circular cylinder
to change radically — the regime of flow without separation gives way to a self-oscillation regime, where the flow
periodically separates from the surface of the cylinder and a Ka′rma′n vortex street is formed downstream of it [1–3].
Such a change in the regime of a flow, arising when a cylinder is instantaneously introduced into it, can also happen
in the case of fairly large constant Re numbers.

In the majority of works on numerical simulation of this class of flows, a cylinder was assumed to be im-
movable [1, 3]. However, considerable recent attention has been focused on the more general problems concerning the
interaction of a laminar flow with bodies around which it flows [4–8]. For example, in [5–8], the influence of a regu-
lar rotation of a cylinder on the character of vortices formed in a flow around it was investigated.

The present work is devoted to numerical investigation of the general problem on a nonstationary separation
flow around a circular cylinder with a rotational degree of freedom. The interaction of the flow with the cylinder in
the cases of its definite, free, and inertial rotation was simulated by the boundary conditions [9] for the Navier–Stokes
equations in the stream function ψ–vorticity ω variables.

Formulation of the Problem. An unbounded fluid flow will be simulated by a rectangular region D = [−L1,
L2] × [−H/2, H/2], where L1, L2, and H >> 1. A cylinder of unit radius with a boundary γ is placed at the center of
the computational region x, y = 0. The following constitutive equations are used:
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The conditions of ideal slipping, ψ = y, ω = 0, ∂p ⁄ ∂n = 0, are set at the horizontal boundaries y = %H/2; it
is assumed that at the inlet x = −L1 the flow is uniform, ψ = y, ω = 0, and p = 0, and has a unit velocity, and the
"soft" boundary conditions ∂ψ ⁄ ∂n = 0, ∂ω ⁄ ∂n = 0, ∂p ⁄ ∂n = 0 are set at the output cross section x = L2. The follow-
ing boundary conditions are set at the impenetrable surface of the cylinder:
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As was shown in [9], the constant ψ0 is expressed at each instant of time t in terms of the vorticity ω and the aux-
iliary function η(x, y):
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where γ = 2π is the length of the boundary and η is a solution of the boundary problem
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In the problem considered, the tangential velocity v0(t) determines the angular rotational velocity of the cylin-
der; therefore, the case where the cylinder remains in position (v0 = 0) and the case where it executes a regular rota-
tion (v0 = const) are described by relations (4) and (5). However, in problems on the interaction of a viscous flow
with a cylinder having a rotational degree of freedom it is necessary to additionally determine the velocity v0. In the
case of free rotation of the cylinder (weightless cylinder), the equation for this velocity expresses the absence of a
summary shear stress σ0/Re on the cylinder surface and has the form

σ0 (v0) = ∫ 
γ

ωds = 0 . (7)

If the cylinder has an inertia, σ0(t) is determined by solving the problem [9]
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As Kρ → 0, Eq. (8) is rearranged to give condition (7).
The behavior of the functions ψ0(t), σ0(t), and v0(t) is of interest not only for determining the dynamics of

the drag coefficient, lifting force
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and the Strouhal number Sh = 2f, but also for stimulation of nonstationary flows around a rotating cylinder. The pres-
sure p is determined from the Poisson equation (3) with the right side expressed in terms of the second derivatives of
the stream function ψ. Methods of numerically solving the Navier–Stokes equations (1)–(3) with boundary conditions
(4)–(6) and additional equations (8) and (9) as well as an algorithm for calculating the pressure are presented in [4,
9]. The basic equations (1) and (2) were solved by the first-order finite-element method (linear basis functions), and
the pressure p was calculated using the second- and third-order triangular elements.

In the present work, an alternative approach was used for calculating the pressure [10]. According to this ap-
proach, the boundary problem for the Bernoulli variable B = p + V2/2, V = (u, v) is solved instead of problem (3), (4):
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In problem (10), to calculate the right sides of the equations it will suffice to take the first derivatives of the differ-
ence values of ψ and ω; therefore, B can be calculated using the linear finite elements of the main problem (1), (2).
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Below are results of a computational experiment.
In the calculations, the region D was defined by the parameters H = 60, L1 = 25, and L2 = 200, which pro-

vided a negligibly small influence of the outer boundaries on the numerical solution of the problem. An irregular tri-
angular finite-element grid with a significant bunching of nodes in the neighborhood of the cylinder was used; the
total number of nodes and elements was, respectively, 9924 and 19,639 and the ratio between the areas of the maxi-
mum and minimum elements of the grid was of the order of 6500. The mean time of calculating the functions ψ and
ω for the transient period t D 150 sec with a step of 0.025 on an Athlon-1700 computer was 20 min. To calculate the
pressure on the basis of this grid, a grid of six-node square elements with 38,487 nodes was constructed; the time of
calculation was about 20 sec per time step.

Results of Numerical Simulation. Immovable cylinder. A laminar flow around an individual immovable cyl-
inder has been much studied (see, e.g., [1–3]) and is of interest mainly for testing a numerical algorithm. We per-
formed test calculations of the indicated flow earlier at small and moderate Re numbers, where a stationary solution
of the problem exists; the results of these calculations are presented in [4]. The results of simulation performed for 41
< Re < 160, at which a two-dimensional stream flows around a cylinder in the self-oscillation regime [1, 3], were
compared with the data of other authors and experimental data on the general pattern of flow, the dependence of the
rate of vortex formation on the Reynolds number, and the average coefficients Cx and Cy and amplitudes of their os-
cillations at different Re.

For visualization of a flow, we simulated an outflow of smoke (weightless marked particles) from the surface
of a cylinder and its propagation in the wake downstream of the cylinder, as is done in natural experiments. The cal-
culation results compared with experimental photography [11] are shown in Fig. 1.

The development of self-oscillations is conveniently illustrated by the graphs of the functions ψ0(t) and σ0(t).
Figure 2 shows the dependences ψ0(t) determined by formula (5) for Re = 70 and 150. It is seen that, with increase
in the Reynolds number, the symmetric pattern of flow breaks down, a periodic regime is established earlier, and the
amplitude of the self-oscillations increases.

The rate of vortex formation is also conveniently determined by these graphs. The dependence Sh(Re) ob-
tained was practically coincident with the calculation prediction done in [2] and agreed wholly satisfactorily with the
numerical and experimental results of other authors [3, 6]. In the range of Reynolds numbers considered, this depend-
ence can be approximated to sufficient accuracy by the formula [5]

Sh = 0.266 + (− 1.02 ⁄ √Re ) ,   41 < Re < 160 .

The drag and lift coefficients (9) also experience harmonic oscillations in the process of periodic separation of
vortices; in this case, the frequency of oscillations of Cy is equal to the frequency of oscillations of the function Sh(t)

Fig. 1. Ka′rma′n vortex street downstream of a circular cylinder at Re = 105:
a) calculation result; b) experimental photography [11].
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and the frequency of oscillations of Cx is two times higher. The drag coefficient C
__

x averaged over the oscillation pe-
riod, the amplitude of its change Ax, and the amplitude of oscillations of the lift coefficient Ay are dependent on the
Reynolds number (Table 1). It was established that the average drag coefficient C

__
x decreases and the amplitudes Ax

and Ay increase with increase in Re. The calculated values of the drag and lift coefficients agree fairly well with the
data of [2, 3, 5].

Definite rotation. The pattern of a flow around a cylinder rotating with a constant velocity differs qualitatively
from the pattern of a flow around an immovable cylinder. In the case of rotation in a counterclockwise direction, the
vortex wake shifts up relative to the line y = 0 (see Fig. 3). The width of the vortex wake decreases with increase in v0.

The influence of the rotational velocity on the process of periodic separation of vortices was investigated in
[6–8]. According to the data of [8], Sh decreases with increase in v0, while the opposite result was obtained in [6].
According to our calculations, the Strouhal number increases insignificantly with increase in v0 (by no more than 1%
when v0 changes from 0 to 2).

In [6–8], the influence of the rotational velocity on the suppression of the periodic separation of vortices was
investigated. The authors of these works argued that, to each value of Re corresponds a critical rotational velocity v0

∗

such that, at v0 < v0
∗, self-oscillations arise, and, at v0 > v0

∗, a stationary flow regime is established. In [8], this phe-
nomenon was called the bifurcation of a flow around a rotating cylinder. Our calculations have shown that, in actual-
ity, self-oscillations are suppressed at certain rotational velocities, which manifests itself as a gradual decrease in the
amplitude of self-oscillations of the functions ψ0(t) and σ0(t) with increase in v0 at a constant value of Re. Figure 4
shows the dependence of the amplitude of self-oscillations of the shear stress on the rotational velocity of the cylinder
at Re = 160. It is seen that the suppression of vortices begins at v0

∗ = 1.6 and the self-oscillations terminate at v0
∗ =

Fig. 2. Self-oscillations of the boundary value of the stream function ψ0(t) at
Re = 70 and 150.

TABLE 1. Dependence of the Drag Coefficient and the Amplitudes of Oscillations of the Drag and Lift Coefficients on the
Reynolds Number

Re 70 100 150

C
__

x 1.367 1.337 1.331

Ax 0.004 0.010 0.019

Ay 0.146 0.259 0.409

TABLE 2. Influence of the Rotational Velocity on the Drag and Lift Coefficients at Re = 100

v0 0 0.5 1.0 1.5

C
__

x 1.34 1.28 1.11 0.82

C
__

y 0.00 1.22 2.50 3.90
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2. For other Reynolds numbers, the corresponding intervals are shown in Fig. 5 (curve 2) in comparison with the
analogous data obtained in [6] (curve 1).

It is known [5] that the rotational velocity of a cylinder substantially influences its drag and lift coefficients
averaged over the self-oscillation period. The results of our calculations (some of them are presented in Table 2) point
to the existence of this influence. They indicate that C

__
x somewhat decreases and C

__
y markedly increases with increase

in the rotational velocity of the cylinder v0.
Free and inertial rotation. If a cylinder rests on a fixed axis and has a rotational degree of freedom, a peri-

odic separation of vortices from its surface gives rise to self-oscillations of the cylinder itself. The frequency and am-
plitude of oscillations of the angular velocity v0 increase with increase in Re.

The dependence Sh(Re) for a freely rotating weightless cylinder (boundary condition (7)) differs by no more
than 1.5% from the analogous dependence for an immovable cylinder and the hydrodynamical drag decreases, on av-
erage, by 10%.

Fig. 3. Development of a flow near a rotating cylinder at v0 = 2.0 and Re =
100: t = 12.5 (a), 42.5 (b), and 100 (c).

Fig. 4. Dependence of the amplitude of self-oscillations of the shear stress on
the rotational velocity of a cylinder.

Fig. 5. Dependence of the critical rotational velocity of a cylinder on the
Reynolds number.
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The interaction of a flow with a cylinder possessing an inertia (boundary condition (8)) is qualitatively iden-
tical to that in the above-indicated case. The criterion Kρ practically does not influence the frequency of the forced
oscillations; however, the amplitude of oscillations of the rotational velocity v0(t) decreases with increase in Kρ, as
is shown in Fig. 6.

CONCLUSIONS

1. A nonstationary flow around a cylinder having a rotational degree of freedom has been numerically inves-
tigated on the basis of the Navier–Stokes model in the stream function–vortex–pressure variables. The range of
Reynolds numbers at which a self-oscillation regime of flows around the cylinder being considered is realized, has
been considered.

2. For a forced rotation of a cylinder with a constant velocity, the dependence of the Strouhal number on the
Reynolds number has been calculated. It has been shown that the rotational velocity practically has no influence on
the frequency of the self-oscillations but decreases the amplitude of oscillations of the shear stress, somewhat decreases
the drag, and leads to the appearance of a lift.

3. The interaction of a viscous flow with a weightless cylinder or a massive cylinder having a rotational de-
gree of freedom leads to the appearance of self-oscillations of the cylinder itself. The mass of the cylinder practically
has no influence on the rate of vortex formation but decreases the amplitude of oscillations of the rotational velocity.

This work was carried out with financial support from the Russian Basic Research Foundation (grants 03-01-
00015, 03-01-96237) and the program "Universities of Russia" (grant 04.01.009).

NOTATION

Ax and Ay, amplitudes of oscillations of the drag and lift coefficients; Cx and Cy, drag and lift coefficients; D,
computational region; H, width of a channel; L1 and L2, coordinates of the input and output boundaries; ds, element
of an arc of the profile γ; f, rate of vortex formation; Kρ, dimensionless density criterion; n, outer normal to the
boundary; p, pressure; Re, Reynolds number; Sh, Strouhal number; t, time; V, velocity vector; v0(t), angular rotational
velocity of a cylinder; x, y, Cartesian coordinates; γ, boundary of a cylinder; ρ, density of a fluid, kg/m3; ρc, density
of the material of a cylinder, kg/m3; τ, tangent; σ0, shear stress; η, auxiliary function; ψ, stream function; ω, vorticity.
Subscripts: c, cylinder.
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